CIRCULAR MOTION 


If a particle moves in a plane such that its distance from a fixed (or moving) point remains constant then 
its motion is called as circular motion with respect to that fixed or moving point. 


That fixed point is called the centre and the corresponding distance is called the radius of circular path. 


The vector joining the centre of the circle and the particle performing circular motion, directed towards the 
later is called the radius vector. It has constant magnitude but variable direction. 


KINEMATICS OF CIRCULAR MOTION 


Angular Displacement 


Angle traced by the position vector of a particle moving w.r.t. some fixed point is called angular displacement. 


À 
a 
. 


i ta. A9 = angular displacement +~ angle = 
X a 


x, e 
Mion eet 


Frequency (n) : Number of revolutions described by particle per second is its frequency. Its unit is revolutions 


per second (rps) or revolutions per minute (rpm). 


Note : 1 rps = 60 rpm 


1 
Time Period (T) : It is the time taken by particle to complete one revolution. i.e. T = a 


Angular Velocity (œ) : It is defined as the rate of change of angular displacement of a moving particle, 


w.r.t. to time. 


_ angle traced _ im D8 dé 
time taken 4t>0 At dt 


= Its unit is rad/s and dimensions is [T~}] 


Q 
Relation between linear and Angular velocity i 
arc AS L) As 
Angle (A0) = = => As=rA0d 
radius r r 
P 
As _ rA0 ere ds 8 
eee Se => at ee > = 
At At | aie = +p V = OF 
In vector form Ÿ = © x f| (direction of @ is according to right hand thumb rule) 
Here, y = Linear velocity [Tangential vector] 
@ = Angular velocity [Axial vector] 
7 = Radius vector or position vector 
Note : Centrifugal means away from the centre and centripetal means towards the centre. 
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All the three vectors ¥,@andyr are mutually perpendicular to each other. 


oO 
Here, GL@Lf ILO 9.6 =0 
or or =0 
E vy 
vir vr =0 S 
Y 
Average Angular Velocity (œ) oo 
ia | 
total angle of rotation 0-0; 40 t=t, Cf 
Pav = total time taken ~ t-4 At CTA = 
where 8, and 0, are the angular positions of the particle at instants t, and ts. 
Instantaneous Angular Velocity 
Th lar velocity at rticular inst 3 2 iin oe 
e angular velocity at some particular instant © = Lim At dt 
Relative Angular Velocity 
Relative angular velocity of a particle 'A' w.r.t. an other moving particle < 
B is the angular velocity of the position vector of A w.r.t. B. It means 
the rate at which the position vector of 'A' w.r.t. B rotates at that instant. 
X, 
Vg SINO, 
(Vaz), relative velocity of A w.r.t. B perpendicular to line AB B 
OAB = Ñg separation between A and B 
va Sin 0} + vz sin 8, 
Here (vag), = va sin 0, + vg sin O, ~. @,, = F 
Angular Acceleration (a) 
Að dö 


Rate of change of angular velocity is called angular acceleration. i.e. & = Lim = 
At>0 At dt 


Average Angular Acceleration : 


i. = change in angular velocity A@ 
time taken At 


avg 


Relation between Angular and Linear Accelerations 
Velocity Ÿ = © x T 
dv d a T '—axis of rotation 


Acceleration a= Ab Ai a i a 


<$ 


(a, =@xf is tangential acceleration & 4c =®xV is centripetal acceleration) r 
a=a,+4,_ (a, and a, are the two component of net linear acceleration) 
As 4, La, so |al=.fa% +a% 
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Tangential Acceleration 


a; = ā xf, its direction is parallel (or antiparallel) to velocity. ọ = xf as @ and a both are parallel 
(or antiparallel) and along the axis. 
Magnitude of tangential acceleration in case of circular motion : 


a, = ar sin 90° = ar (@ is axial, r is radial so that @ 1 r) 


As aris along the direction of motion (in the direction of ¥ or opposite to 7) so ay is responsible for change 
in speed of the particle. Its magnitude is the rate of change of speed of the particle. 


Note : If a particle is moving on a circular path with constant speed then tangential acceleration is zero. 


Centripetal acceleration 


1— axis of rotation 


ao = xÜ = Ox(Ox?) (v7=0xT) 6 

x 2 z P 
Let fr be in i direction and @ be inj direction then the direction of => 
Ac is along jx(jxi) = jx (-k)=- i, opposite to the direction of Y 


i.e., from P to O and it is centripetal in direction. Magnitude of centripetal 


2 
v2 


; V 2 2 n 
acceleration, ac =®v=—=@'r therefore 4. = —(-f) 
r r 


Note : Centripetal acceleration is always perpendicular to the velocity at each point. 
UNIFORM AND NON-UNIFORM CIRCULAR MOTION 


Uniform Circular Motion 
If a particle moves with a constant speed in a circle, the motion is called uniform circular motion. In uniform 
circular motion a resultant non-zero force acts on the particle. The acceleration is due to the change in 
direction of the velocity vector. In uniform circular motion tangential acceleration (a+) is zero. The acceleration 
2 
V 
of the particle is towards the centre and its magnitude is PE Here, v is the speed of the particle and r the 


radius of the circle. 


mv 
The direction of the resultant force F is therefore, towards the centre and its magnitude is F = P =mro* 


(as v =rw) 

Here, œ is the angular speed of the particle. This force F is called the centripetal force. Thus, a centripetal 
2 

force of magnitude ~~ is needed to keep the particle moving in a circle with constant speed. This force 


is provided by some external agent such as friction, magnetic force, coulomb force, gravitational force, 


tension. etc. 


In this motion : 
Speed = constant e = |Velocity| = constant 


Velocity # constant (becuase its direction continuously changes) 


1 
K.E. = =mv? = constant ° = constant (because magnititude and direction, both are constants) 


2 


© 
| dv d(constant) | 
pee =0 


ya dt dt 
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2.2 


d d 
a=0 a= 2-2-9] or [a= = £(constant) = 0) 


äp 


2 v? Bi es 
OV = o'r constant œ a=a,, # constant 
r 


lal 


(because the direction of a., is toward the centre of circle which changes as the particle revolves) 


Total work done = Fe-S 


90° 
E 


= Fop s cos90° = 0 o > 


pl 


3 
< 
| 
T 
< 
| 
T 
§ 
O 
n 
© 
Š 
o 
1i 
o 


Uniform circular motion is usually executed in a horizontal plane. 
Example : 
A particle of mass 'm' is tied at one end of a string of length 


'r' and it is made to revolve along a circular path in a horizontal 
plane with a constant speed means a (uniform circular 
motion) In this condition the required centripetal force is 
provided by the tension in the string. 


Non-Uniform Circular Motion : 


If a particle moves with variable speed in a circle, then the motion is called non- 
uniform circular motion. 


In this motion : 


Accleration (a) has two components :- 
a.) = responsible for change in direction only. 


ar = responsible for change in speed only. 


Hence due to a, 
speed = | velocity lis variable, 


As speed variable hence given physical quantities are also variable. 


=— ° az0 e a, #0 


2 my 
T 2 vV a = ss xs 2 Vv 
äp = @V = @ ag ° ä=är+āp ° lal = aye +a? =,\(ar) + = 
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<4 


° Work done by centripetal force will be 


F, 
> 
S 


zero but work done by tangential force is not zero. 


° Total work done 
W = F5 = Fy s cos 0° = F4s 


=> (where s is the distance travelled by the particle) 


work ÈS = | 
° Power = — = -HŪ = Fv cos 0° = Fv 
time t 
° Angle between velocity and acceleration is given by : 
a F 
tan 0 = > = — 
ar Fr 
° Example 


Circular motion in vertical plane is an example of non-uniform circular motion. 


2.3 Equations of circular motion 
e Initial velocity (u) Initial angular velocity (œg) 
e Final velocity (v) Final angular velocity (œ) 
Angular displacement (0) 
e Acceleration (a) Angular Acceleration (a) 
constant, then = constant, then 


u + at = © + at 


1 2 1 2 
ut + zat 0= Wot + 3 at 


= u2 + 2as o? = 2 + 200 


y2 


a 


2 


Sa Su # = (2n-1) Om = + 5 (en -1) 


e) 
GOLDEN KEY POINTS 


° Small angular displacement dO is a vector quantity, but large angular displacement 9 is not a vector quantity. 


dð, + dð, =d6,+d6, But 6,+6, +6, +6, 


° Direction of angular displacement is perpendicular to the plane of rotation and is given by right hand thumb 
rule. 
° Angular displacement is dimensionless and its S.I. unit is radian while other units are degree and revolution. 


2n radian = 360° =1 revolution 
° Instantaneous angular velocity is an axial vector quantity. 


° Direction of angular velocity is same as that of angular displacement i.e. perpendicular to the plane of rotation 
and along the axis according to right hand screw rule or right hand thumb rule. 
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e If particles A and B are moving with a velocity V, and Vg > 


Va 5 
and are separated by a distance r at a given instant then Vp 
, dr a dz, vp sin®, — vy, sin 0; 9i - G TEP 
(i) a Vpcos8,.-v,cos8, (ii) dt = SBA = P A i B 

° Angular acceleration is an axial vector quantity. It's direction is along the axis according to the right hand 
thumb rule or right hand screw rule. 

° Important difference between projectile motion and uniform circular motion : 


In projectile motion, both the magnitude and the direction of acceleration (g) remain constant, while in uniform 
circular motion the magnitude remains constant but the direction continuously changes. 
Illustrations 
Illustration 1. 


A particle revolving in a circular path completes first one third of the circumference in 2 s, while next one 
third in 1s. Calculate its average angular velocity. 


Solution 
2 2 Bad 2r 2n 4r 4 
é So ae 
6, = — and 6,=— total time T= 241-387. <0 >= 1 _ 3 a eee rad/s 
3 3 av T a 


Illustration 2. 
Two moving particles P & Q are 10 m apart at any instant. 


Velocity of P is 8 m/s and that of Q is 6 m/s at 30° angle with the 
line joining P & Q. Calculate the angular velocity of P w.r.t. Q 


Solution 


8sin 30° — (-6sin 30° 
Opo = = t anat = 0.7 rad/s. 


Illustration 3. 
A particle is moving parallel to x-axis as shown in fig. such that the y component 


of its position vector is constant at all instants and is equal to 'b'. Find 


the angular velocity of the particle about the origin when its radius vector 
makes an angle 0 with the x-axis. 


Solution 


o vsinO v, 29 
o = FH =n 
sin® 


Illustration 4. 


The angular velocity of a particle is given by œ =1.5t — 3t? +2. (where t is in seconds). Find the instant when 
its angular acceleration becomes zero. 


Solution 
do 
a= = 1.5- 6t=0 => t=0.25s. 
dt 
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Illustration 5. 


A disc starts from rest and gains an angular acceleration given by a = 3t — t? (where t is in seconds) upon 


the application of a torque. Calculate its angular velocity after 2 s. 


Solution 


do cl ae a 1 
3t-t? = fio- jet- tìd > œ= => att =2 s, @ = > rad/s 


ae 2 3 


The instantaneous velocity of particle at a certain instant is V = (33 + 3}) m/s. 


Illustration 6. 
A particle is moving in clockwise direction in a circular path as shown in figure. A | À 


Then in which quardant does the particle lie at that instant ? Explain your answer. 


Solution 
II quardant. According to following figure x & y components of velocity are positive when the particle is 


IA 
Illustration 7. 


A particle is performing circular motion of radius 1 m. Its speed is v = (2tĉ) m/s. What will be the magnitude 


in II quardant. 


of its acceleration at t = 1s ? 


Solution 
dv 


Tangential acceleration = a; = a 4t, att= ls, ap = 4 m/s2 


2 4 
4t 
Centripetal acceleration a, = —_ T 447, att=1s, a = 4 m/s? 
r 
Net acceleration (a = Ja? +a? = 44? 4+4? = 4/2 m/s”. 


Illustration 8. 
A cyclist is riding with a speed of 18 km/h. As he approaches a circular turn on the road of radius 25,/2 m, 
he applies brakes which reduces his speed at a constant rate of 0.5 m/s every second. Determine the magnitude 
and direction of his net acceleration on the circular turn. 


Solution 


v2 
20 m/s’, ae a 


5 
— 1 a —! 
v 8 x I8 5 m/s and aon =" “350 5 dt 9 


fay 0af 8 i aœ W2 _ 2 _ 
DEG 5 ea ale la wl, ean f 


0 = tan“ (42) from tangential direction 
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Illustration 9. AKN > 


per ar 
A particle is moving in a circular orbit with a constant tangential acceleration j <> N, 
starting from rest. After 2 s of the beginning of its motion, angle between EA 45N 
the acceleration vector and the radius becomes 45°. What is the angular Se > ` 
y ‘CP 


acceleration of the particle ? 


Solution Contei 


In the adjoining figure the total acceleration vector a and its components-the tangential acceleration a, 


and normal acceleration a,, are shown. These two components are always mutually perpendicular to each 


other and act along the tangent to the circle and radius respectively. Therefore, if the total acceleration vector 
makes an angle of 45° with the radius, both the tangential and the normal components must be equal in 
magnitude. 


ap =a, > aR = oR > a = o? ...(i) 
Since angular acceleration is uniform, we have œ= œ, + at 


Substituting œ=0 and t = 2s, we have œ =2a ... (ii) 


From equations (i) and (ii), we have a = 0.25 rad/s? 


BEGINNER'S BOX-1 


1. If angular velocity of a particle depends on the angle rotated 0 as œ = 0? + 20, then its angular acceleration 


a at 0= 1 radis: 
(A) 8 rad/s? (B) 10 rad/s? (C) 12 rad/s? (D) None of these 


2. The second's hand of a watch has 6 cm length. The speed of its tip and magnitude of difference in velocities 


of its at any two perpendicular positions will be respectively : 
(A) 2r & 0 mm/s (B) 2/2 x & 4.44 mm/s 


(C) 2V2 x & 2n mm/s (D) 2r & 2/2x mm/s 
3. A particle is moving on a circular path of radius 6 m. Its linear speed is v = 2t, here t is time in second and 
v is in m/s. Calculate its centripetal acceleration at t = 3 s. 


4. Two particles move in concentric circles of radii r, and r, such that they maintain a straight line through the 


centre. Find the ratio of their angular velocities. 


5. If the radii of circular paths of two particles are in the ratio of 1 : 2, then in order to have same centripetal 


acceleration, their speeds should be in the ratio of : 


(A) 1:4 (B) 4:1 (©) 1./2 (D) J2:1 


6. A stone tied to the end of a 80 cm long string is whirled in a horizontal circle with a constant speed. If the 


stone makes 14 revolutions in 25 s, the magnitude of its acceleration is : 


(A) 20 m/s? (B) 12 m/s? (C) 9.9 m/s? (D) 8 m/s? 
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For a body in a circular motion with a constant angular velocity, the magnitude of the average acceleration 
over a period of half a revolution is.... times the magnitude of its instantaneous acceleration. 


2 T 
ae B tae 
(a) < (B) 
A ring rotates about z axis as shown in figure. The plane of rotation is xy. At a certain instant the acceleration 


(C) x (D) 2 


of a particle P (shown in figure) on the ring is (63 = 8j) m/s. Find the angular acceleration of the ring and 


its angular velocity at that instant. Radius of the ring is 2 m. 


DYNAMICS OF CIRCULAR MOTION 

Circular Turning on Roads 

When vehicles go through turnings, they travel along a nearly circular arc. There must be some force which 
provides the required centripetal acceleration. If the vehicles travel in a horizontal circular path, this resultant 
force is also horizontal. The necessary centripetal force is being provided to the vehicles by the following three 
ways : 

e By friction only. e By banking of roads only. e By friction and banking of roads both. 

In real life the necessary centripetal force is provided by friction and banking of roads both. 

By Friction only 

Suppose a car of mass m is moving with a speed v in a horizontal circular arc of radius r. In this case, the 
necessary centripetal force will be provided to the car by the force of friction f acting towards centre of the 


circular path. 


Thus, f = ~~ G — =HN = umg 


2 mv” 
Therefore, for a safe turn without skidding o < fax > 7 <umg > v< urg. 


By Banking of Roads only 
Friction is not always reliable at turns particularly when high speeds and sharp 


turns are involved. To avoid dependence on friction, the roads are banked 


at the turn in the sense that the outer part of the road is some what lifted 


compared to the inner part. 
2 


mv 
Nsinð = ~~ and N cos0 = mg h 
y? 9 h 
_ -- tand =— 
tan@ a v =./rgtand b 5 
v h 
Note : tand = —=— 
rg b 
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Friction and Banking of Road both 


If a vehicle is moving on a circular road which is rough and banked also, then three forces may act on the 


vehicle, of these the first force, i.e., weight (mg) is fixed both in magnitude and direction. The direction of 


second force, i.e., normal reaction N is also fixed (perpendicular to road) while the direction of the third force, 


i.e., friction f can be either inwards or outwards while its magnitude can be varied upto a maximum limit (f 


max 


= uN). 


So, direction and the magnitude of friction f are so adjusted that the resultant of the three forces mentioned 


mv? 
above is —— towards the centre. 
r 


(a) 


Ncos@ + Fsind 
0: f 


If speed of the vehicle is small then friction acts outwards. 


In this case, N cos 0 + f sin 0 = mg ...(i) i ole >Dy Fcos0 


2 
and N sin 0- f cos 0 = a ... (ii) 


For minimum speed f = uN so by dividing Eqn. (1) by Eqn. (2) 


Ncos@—pNsinO = mg 
NsinO-pNcos® mv2,,/R 


tanð -yu ) 
-pE 
Therefore vii. = 3 l1+utanð 


If we assume u = tan ọ, then 


R ( fend fend | 
Vmin = 48 1+tangtand/ ~ VRg tan(0 — ġ) 


If speed of vehicle is high then friction force act inwards. Néos6 
4 
in this case for maximum speed 


N cos 0 — N sin 0 = mg 


2 
MV mnax 


R 


and N sin 0 + uN cos 0 = 


( tanð0+ųu 


Rg a = ,/Rgtan(6 + o) 


which gives Vv... = 


Hence for successful turning on a rough banked road, velocity of vehicle must satisfy following relation 


Rg tan(0— 4) < v < /Rgtan(6 + 4) 


where 0 = banking angle and b = tan”\(u). 
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NSC, 


3.2 Conical Pendulum 


If a small particle of mass m tied to a string is whirled along a horizontal circle, as shown in figure then the 
arrangement is called a ‘conical pendulum’. In case of conical pendulum the vertical component of tension balances 
the weight while its horizontal component provides the necessary centripetal force. Thus, 


2 
mv 
T sin = — T = = 
sin a and Tcosð =mg => v rgtanð 


V tanð 
<. Angular speed @= P — 


Lcos@ 
So, the time period of pendulum is T = 
peer 


3.3 'Death Well' or Rotor 


In case of ‘death well’ a person drives a motorcycle on the vertical 


surface of a large wooden well while in case of a rotor a person hangs 
resting against the wall without any support from the bottom at a certain 
angular speed of rotor. In death well walls are at rest and person revolves 
while in case of rotor person is at rest and the walls rotate. 


In both cases friction balances the weight of person while reaction 
provides the centripetal force for circular motion, i.e., 


mv? 


f = mg and N = = mro’ Death well 
4. VERTICAL CIRCULAR MOTION 


Suppose a particle of mass m is attached to a light inextensible string of length R. The particle is moving 


in a vertical circle of radius R about a fixed point O. It is imparted a velocity u in the horizontal direction 


at lowest point A. Let v be its velocity at point P of the circle as shown in the figure. 


When a particle is whirled in a vertical circle then three cases are possible - 
Case I: Particle oscillates in lower half circle. 
Case II : Particle moves to upper half circle but not able to complete loop. 


Case III: Particle completes loop. 


Condition of Oscillation (o <u< \2gR | 


The particle will oscillate if velocity of the particle becomes zero but tension in the string is not zero. 


(In lower half circle (A to B)) Pas ws, 
Here, T — mgcos@ = mvå ee 
T= m +mgcos0 Ee cos0 
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In the lower part of circle when velocity become zero and tension is non zero means when v = 0, but T #0 
So, to make the particle ossillate in lower half cycle, maximum possible velocity at A can be. given by 


1 
FJA +0 =mgR +0 (by COME between A and B) 


Va = 4/2gR ....(i) 
Thus, for 0 < u <./2qR , particle oscillates in lower half of the circle (0° < @ < 909 


This situation is shown in the figure. 0<u<./2gR or 0°<0 < 90° 


Condition of Leaving the Circle : (,/20R <u< V59R | 


In upper half cycle (B to C) 


Here, T + mg cos = = 


mv? 
T= -p EOS? wan (ii) 


In this part of circle tension force can be zero without having zero velocity mean when T = 0, v + 0 


form equation (ii) it is clear that tension decreses if velocity decreases. So to complete the loop tension 
force should not be zero, in between B to C. Tension will be minimum at C i.e., T, = 0 is the required 
condition. 


V, C 
mg 
T 
mv? 
At Top T, + mg = c 
R 
if T, = 0 
2 
mv 
Th = c 
en mg R 
yi=¢GR. = v= JoR 
By COME (Between A and C) 
Sm% +0= sie + mg(2R) 
Va = v2 + 4gR => v =5gR => Va =45gR 


Therefore, if ./2gR <u < ./5gR , the particle leaves the circle. 


Note : After leaving the circle, the particle will follow a parabolic path. 
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Condition of Looping the Loop (u 2 5gR) v, JRE 
Tes 0 


Top Z 


The particle will complete the circle if the string does not 


slack even at the highest point (0 = T). Thus, tension in 


e a 


the string should be greater than or equal to zero (T > 0) =v, > /8Rg Væ 2 J3Rg 
Ta = 3mgh Yee Ta 2 3mg 


at 0=r. In critical case substituting T=0 
Thus, if u>./5gR , the particle will complete the circle. 


Note : In case of light rod tension at top most point can never 


be zero so velocity will become zero. T, > 6mg 


.. For completing the loop vL > V/4gR 


Illustrations 
Illustration 10. 


Find the maximum speed at which a car can turn round a curve of 30 m radius on a levelled road if the 
coefficient of friction between the tyres and the road is 0.4 [acceleration due to gravity = 10 m/s?] 


Solution 


Here centripetal force is provided by friction so 


2 


<umg > Vmax = Vurg = V120 ~11 m/s 
Illustration 11. 


For traffic moving at 60 km/h, if the radius of the curve is 0.1 km, what is the correct banking angle of 
the road ? (g = 10 m/s?) 


Solution 


2 5 50 
In case of banking tano =~_. Here v= 60 km/h = 60 x 18 m/s = 3 m/s r = 0.1 km = 100 m 
rg 


50/3x50/3 5 5 
t = = = A 
ee te a eD ig. =n (2) 


Illustration 12. 
A hemispherical bowl of radius R is rotating about its axis of symmetry which Nicos. 
A 


is kept vertical. A small ball kept in the bowl rotates with the bowl without slipping 


on its surface. If the surface of the bowl is smooth and the angle made by the ? 
radius through the ball with the vertical is a. Find the angular speed at which ™® "477 
the bowl is rotating. 


mg 
Solution 
Ncosa=mgQ 2 2 2 (1) 
N sina = mr@œ = n (2) 
r= Rsina aa (3) 
From equations (2) & (3) 
Nsina = mo?Rsina 
N=mRo n (4) 
=> (mRo’) cosa = mg > o= i 
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Illustration 13. 


A car starts from rest with a constant tangential acceleration a, in a circular path of radius r. At time tọ, the 
car skids, find the value of coefficient of friction. 


Solution 
ao 
The tangential and centripetal acceleration is provided only by the frictional force. 
2 2 G, 
mv M(aot 
Thus, f sind = ma, and f cos® = = ( Z o) 


ar — “max 
244 244 
asto ao aoto 
mg = mag4|1 + = 1+ À 
uu g 0 r? u g r? 


Illustration 14. 


(since the car skids beyound this speed) 


A small block slides with a velocity 0.5 Jar on a horizontal frictionless Ą 


surface as shown in the figure. The block leaves the surface at point C. 
Calculate the angle @ shown in the figure. 


Solution 


2 


As the block leaves the surface at C so there, normal reaction = 0 = mgcosQ@ = aad 
, L o l 9 
By energy conservation at points B & C, 3 MV" — z MV“ = mgr (1-cos6) 
1 3 3 
> 9m m (rgcos®) — =m (0. 5 yar) = mgr (1-cos@) => eos0 = 7 => = cos! (3) 


Illustration 15. 


a 


A rigid rod of length ¢ and negligible mass has a ball of mass m attached to one end 
with its other end fixed, to form a pendulum as shown in figure. The pendulum is inverted, 


with the rod vertically up, and then released. Find the speed of the ball and the tension 
in the rod at the lowest point of the trajectory of ball. 


Solution 


1 
From COME : 2mg/ = am > v = J4gl =2Jae 


2 
At the lowest point, laws of circular dynamics yield, T -mg = S >T=mg+ (4g) =5mg. 
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NSC, 


Illustration 16. 


A particle of mass m tied to a string of length ¢ and given a circular motion in the vertical plane. If it performs 


the complete loop motion then prove that difference in tensions at the lowest and the highest point is 6 mg. 


Solution 
Tie 
Let the speeds at the lowest and highest points be u and v respectively. yf Th A 
2 i ma 4 
At the lowest point, tension = T, = mg + (i) : o j 
\ 
2 N i 
. l mv ; “i pe u 
At the highest point, tension = T,, = —mg. ..(ii) 
L mg 
mu? mv? 
By conservation of mechanical energy, ae ee mg(20) > u=v + 4g/ 
2R 
mlv +4g/] 


Substituting this in eqn (i) T, =mg+ 


<. From eq”. (ii) & (iii) T, - Ty = 6mg 
Illustration 17. 
A particle of mass m is connected to a light inextensible string of length ¢ such that 


it behaves as a simple pendulum. Now the string is pulled to point A making an angle 


8, with the vertical and is released then obtain expressions for the : 


(i) speed of the particle and [AIPMT (Mains) 2008] 


(ii) the tension in the string when it makes an angle 0, with the vertical. 


Solution 
(i) h = ¢(cos0, — cos0,) 
Applying conservation of mechanical energy between points A & B (cos®, : A 
1 (cos0, i 
2 ' 
amv’ = mgh = v=,/2gh =/2g(cos@,-cos®;) i l bese à Ji 
m oa my? eee 
(ii) At position B, T — mgcos@, = Fa where v = 2g¢(cos 8, —cos8,) coe Mg Mg cos 0, 


m 
=> T = mgcos0, + T 


[2g4(cosð, — cos0,)] = mg(3cosð, — 2cos8,). 


BEGINNER'S BOX-2 


1. A particle of mass m, is fastened to one end of a string and another one of mass m, to the middle point; 
the other end of the string being fastened to a fixed point on a smooth horizontal table. The particles are 
then projected, so that the two portions of the string are always in the same straight line and describe horizontal 
circles. Find the ratio of the tensions in the two parts of the string. 


2. A road is 8 m wide. Its average radius of curvature is 40 m. The outer edge is above the lower edge by 
a distance of 1.28 m. Find the velocity of vehicle for which the road is most suited ? (g = 10 m/s?) 


3. A stone of mass 1 kg tied to a light string of length ¢ = 10 m is whirling in a circular path in the vertical 
plane. If the ratio of the maximum to minimum tensions in the string is 3, find the speeds of the stone at 
the lowest and highest points. 
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. = 
e 


4. Calculate the following for the situation shown :- A 


T—> 
J 


(a) Speed at D Ve =4[7gR 


(b) Normal reaction at D 
(c) Height H 


5. A caris moving along a hilly road as shown (side view). The coefficient of static friction between the tyres and 
the pavement is constant and the car maintains a steady speed. If at one of the points shown the driver applies 
brakes as hard as possible without making the tyres slip, the magnitude of the frictional force immediately 
after the brakes are applied will be maximum if the car was at :- 


(A) point A 
(B) point B 
(C) point C 


(D) friction force same for positions A, B and C 


A 


A stone weighing 0.5 kg tied to a rope of length 0.5 m revolves along a circular path in a vertical plane. 
The tension of the rope at the bottom point of the circle is 45 newton. To what height will the stone rise 
if the rope breaks at the moment when the velocity is directed upwards? (g=10 m/s?) 


ANSWER KEYS 
| | BEGINNER'S BOx-1 | | | BEGINNER'S BOX-2 | 


1. (C) 
i 2m; 
2. (D) * m +2m; 
3. 6 m/s2 towards the centre. 
2. 8 m/s 
4.1:1 
5. (0 3. Vowest = 20/2 m/s; Vhighest = 20 m/s 
6. (C) 9 
4. (a) ./5gR (b) 4mg (c) ok 
7. (A) 
5. (B) 
8. -3k rad/s? , -2k rad/s 6.1.5m 
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EXERCISE-I (Conceptual Questions) 


KINEMATICS OF CIRCULAR MOTION 6. A particle moves in a circle describing equal angle 
i l ti it locit tor :— 
1. A particle of mass 'm' describes a circle of radius i aa a a dl 
(r). The centripetal acceleration of the particle is (1) remains constant 
T The momentum of the particle :— (2) change in magnitude 
2m 2m (3) change in direction 
D a T 
(4) changes in magnitude and direction 
4m 4m 
(3) Pa (4) R 7. A mass of 2 kg is whirled in a horizontal circle by 
means of a string at an initial speed of 5 r.p.m. 
2. A particle is moving around a circular path with Keeping the radius constant the tension in the 
uniform angular speed (œ). The radius of the circular string is doubled. The new speed is nearly :— 
path is (r). The acceleration of the particle is :— 
(1) 7 rp.m. (2) 14 rp.m. 
o’ (0) 
(1) “a (2) E (3) 10 r.p.m. (4) 20 r.p.m. 
(3) vo (4) vr 8. A particle moving along a circular path. The angular 
velocity, linear velocity, angular acceleration and 
3. Acar moves on a circular road, describing equal : : ; . 
centripetal acceleration of the particle at any instant 
angles about the centre in equal intervals of times. aval me TT 
respectively are @, 0, a; : ich of the 
Which of the statements about the velocity of car i ? pe ee ee 
is trie «= following relation is/are correct :— 
(1) velocity is constant Bata bole W Si - (d) x i - 
(2) magnitude of velocity is constant but the 
a (I)ab,d = (2) b,c,d (3)a,b,c (4) a,c,d 
direction of velocity change 
9. A particle is acted by af f tant 
(3) both magnitude and direction of velocity angi 7 ioe ý ; ae aes oe 
ae magnitude which is always perpendicular to the 
j velocity of the particle. The motion of the particle 
(4) velocity is directed towards the centre of circle takes place in a plane. It follows, that :- 
4. An insect trapped in a circular groove of radius (1) its velocity is constant 
12 cm moves along the groove steadily and (2) its KE. i ai 
completes 7 revolutions in 100 s. What is the linear ac aa 
speed of the motion :— (3) its acceleration is constant 
(1) 2.3 cm/s (2) 5.3 cm/s (4) it moves in a straight line 
(3) 0.44 cm/s (4) none of these 10. If the equation for the displacement of a particle 
i ircul th i i b 
5. A particle moves in a circle of the radius 25 cm at ey ee ee ki 
, ; (0) = 2t? + 0.5, where 9 is in radians and t in 
two revolutions per second. The acceleration of the } ; 
ae : seconds, then the angular velocity of the particle 
particle in m/sec? is :— 
after 2 s from its start is :— 
(1) n? (2) 8x? 
(1) 8 rad/s (2) 12 rad/s 
(3) 4x? (4) 2r? 
(3) 24 rad/s (4) 36 rad/s 
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11. 


12. 


13. 


14. 


15. 


A sphere of mass m is tied to end of string of length 
l and rotated through the other end along a 
horizontal circular path with speed v. The work 
done in full horizontal circle is :- 


2 
(1) 0 (2) (Éa 


mv? 
(3) mg.2n0 (4) l 7 | 


A body moves with constant angular velocity on a 


circle. Magnitude of angular acceleration :- 
(1) to? (2) Constant 


(3) Zero (4) None of the above 


A particle of mass (m) revolving in horizontal circle 
of radius (R) with uniform speed v. When particle 
goes from one end to other end of diameter, then 


1 
(1) K.E. changes by zo 


(2) K.E. change by mv? 
(3) no change in momentum 
(4) change in momentum is 2 mv 


A stone is tied to one end of string 50 cm long and 
is whirled in a horizontal circle with constant speed. 
If the stone makes 10 revolutions in 20 s, then 
what is the magnitude of acceleration of the stone 


(1) 493 cm/s? (2) 720 cm/s? 
(3) 860 cm/s? (4) 990 cm/s? 


For a particle in a non-uniform accelerated circular 


motion :— 


(1) velocity is radial and acceleration is transverse 
only 


(2) velocity is transverse and acceleration is radial 
only 


(3) velocity is radial and acceleration has both radial 
and transverse components 


(4) velocity is transverse and acceleration has both 


16. The angular velocity of a particle rotating ina 


circular, pit 100 times per minute is 


(1) 1.66 rad / s (2) 10.47 rad / s 
(3) 10.47 degree / s (4) 60 degree / s 


17. Two particles having mass 'M' and 'm' are moving in 
a circular path having radius R and r. If their time 
period are same then the ratio of angular velocity 
will be :— 


R 
Me oË @1 wË 


18. Angular velocity of minute hand of a clock is :— 


(1) ah rad/s (2) 87 rad/s 
ad i ed 
( ) 1800 ra /s ( ) 1800 ra /s 


19. A car moving with speed 30 m/s ona circular path 
of radius 500 m. Its speed is increasing at the rate 
of 2m/s?. The acceleration of the car is :— 


(1) 9.8 m/s? (2) 1.8 m/s? 
(3) 2 m/s? (4) 2.7 m/s? 


20. Ifa particle is rotating uniformly in a horizontal circle, 
then — 


(1) no force is acting on particle 
(2) velocity of particle is constant 
(3) particle has no acceleration 
(4) no work is done 


21. A body of mass 1 kg tied to one end of string is 
revolved in a horizontal circle of radius 0.1 m with 
a speed of 3 revolution/sec, assuming the effect of 
gravity is negligible, then linear velocity, acceleration 
and tension in the string will be :— 


(1) 1.88 m/s, 35.5 m/s”, 35.5 N 
(2) 2.88 m/s, 45.5 m/s?, 45.5 N 
(3) 3.88 m/s, 55.5 m/s”, 55.5 N 


radial and transverse components (4) None of these 
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22. 


23. 


24. 


25. 


26. 


een | idealais 20 ) DYNAMICS OF HORIZONTAL CIRCULAR 
particle moves along a circle of radius (~~) m | POTON 
with constant tangential acceleration. If the velocity a7; Tiesngdbraccalembonet paride imovina along 
of the particle is 80 m/s at the end of the second . i ; 
a circular path with uniform speed :— 
revolution after motion has begun, the tangential 
acceleratiörni is- (1) uniform but non zero 
2 pr (2) zero 
1) 40 m/s? 640 = m/s 
a) (3) variable 
(3) 160 t m/s? (4) 40 t m/s? (4) as can not be predicted from given information 
The angular velocity of a wheel is 70 rad/s. If the | 28. If the speed and radius both are trippled for a body 
radius of the wheel is 0.5 m, then linear velocity of moving on a circular path, then the new centripetal 
the wheel is :— force will be :- 
1) Doubl f i l 
(1) 70 m/s (2) 35 m/s (1) Doubled of previous value 
(2) Equal to previous value 
3) 30 4) 20 
ons Geen (3) Triple of previous value 
A stone tied to the end of a string of 1m long is (4) One third of previous value 
irled in a horizontal circle with tant f 
hideo mg Honaontalcreg we a wees añt speed 29. When a body moves with a constant speed along 
If the stone makes 22 revolution in 44 seconds, , 
; ; aon ; a circle :— 
what is the magnitude and direction of acceleration 
at the stone- (1) no acceleration is present in the body 
(2) no force acts on the body 
(1) 22 m/s? and direction along the tangent to the 
, (3) its velocity remains constant 
circle. 
(4) no work gets done on it 
2) n2 2 irection along the radius t d 
E a ond Ge coo lop aite ecue towelee 30. A pendulum is suspended from the roof of a rail 
the centre. f N i 
road car. When the car is moving on a circular track 
n the pendulum inclines : 
kaaas 2 . . . 
(3) 4 m/s? and direction along the radius towards Foward 
the centre. (2) Backward 
(3) Towards the centre of the path 
(4) 12 m/s? and direction along the radius away (4) Away from the centre of the path 
oe 31.  Astring of length 0.1 m cannot bear a tension more 
A fly wheel rotating at 600 rev/min is brought than 100N. It is tied to a body of mass 100g and 
under uniform deceleration and stopped after rotated ina horizontal circle. The maximum angular 
2 minutes, then what is angular deceleration in velocity can be - 
rad/sec? ? (1) 100 rad/s (2) 1000 rad/s 
i (3) 10000 rad/s (4) 0.1 rad/s 
T 
1) = 2) 1 = 4 
g 6 Ur (3) 12 (41999 32. The radius of the circular path of a particle is 
doubled but its frequency of rotation is kept 
The linear and angular acceleration of a particle constant. If the initial centripetal force be F, then 
are 10 m/s? and 5 rad/s? respectively. It will be the final value of centripetal force will be :— 
at a distance from the axis of rotation. 
F 
1 (1) F (2) = (3) 4F (4) 2F 
(1) 50m (2) zm (3) 1m (4)2m 2 
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33. 


34. 


35. 


36. 


37. 


38. 


A 0.5 kg ball moves in a circle of radius 0.4m | 39, A500 kg car takes a round tum of radius 50 m with 
at a speed of 4 m/s. The centripetal force on the a velocity of 36 km/hr. The centripetal force is :- 
ball is :- 
(1)250N (2) 1000N (3)750N  (4)1200N 
(1) 10N (2) 20N (3) 40N (4) 80N 
40. A motor cycle driver doubles its velocity when he is 
A body is revolving with a constant speed along a taking a turn. The force exerted towards the centre 
circle. If its direction of motion is reversed but the F 
will become :- 
speed remains the same then :— 
(a) the centripetal force will not suffer any change U)deuble (2) hall 
in magnitude 1 
(3) 4 times (4) T times 
(b) the centripetal force will have its direction 
reversed 41. The force required to keep a body in uniform circular 
(c) the centripetal force will not suffer any change motion is ;- 
in direction (1) Centripetal force (2) Centrifugal force 
d) th tripetal f is doubled 
kd) Tesbenmeipe ta) [oroe double (3) Resistance (4) None of the above 
(1) a,b (2) b,c (3) c,d (4) a, c 
BANKING OF TRACKS 
a, and a, represent radial and tangential 
acceleration. The motion of a particle will be | 42. Acar moving ona horizontal road may be thrown 
uniform circular motion, if :— out of the road in taking a turn :— 
@)a =0anħda=0 (2)a,= 0 but a #0 (1) by the gravitational force 
hae Uea =N Hat Oond aey (2) due to lack of proper centripetal force 
In uniform circular motion, the velocity vector and 
eceler on vedor are (3) due to rolling friction between the tyres and 
the Road 
(1) Perpendicular to each other 
(4) due to reaction of the road 
(2) Same direction 
(3) Opposite direction 43. Radius of the curved road on national highway is 
R. Width of the road is b. The outer edge of the 
(4) Not related to each other road is raised by h with respect to inner edge so 
A string of length 10 cm breaks if its tension exceeds that a car with velocity v can pass safely over it. 
10 newton. A stone of mass 250 g tied to this string, The value of h is : 
is rotated in a horizontal circle. The maximum vb a WR vb 
angular velocity of rotation can be :- (1) Rg (2) Rgb (3) bg (4) R 
Aas Aaa 44. A boy holds a pendulum in his hand while standing 
(3) 100 rad/s (4) 200 rad/s at the edge of a circular platform of radius r rotating 
Theearihk iM = 6x10 ko is revolving round the at an angular speed œ. The pendulum will hang at 
sun in an orbit of radius (1.5 x105) km with angular Ananaia vate Nemcal SAAN p 
velocity of (2 x 107) rad/s. The force (in newton) (Neglect length of pendulum) 
2a 
exerted on the earth by the sun will be :- i tnd (2) tan0 = a 
(1) 36 x 107 (2) 16 x 10% en? 
(3) tan® = — (4) tan0 = 2L 
(3) 25 x 10:16 (4) Zero g or 
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VERTICAL CIRCULAR MOTION 50. A stone attached to one end of a string is whirled 
in a vertical circle. The tension in the string is 
45. Let'®' denote the angular displacement of a simple cacao = 
pendulum oscillating in a vertical plane. If the mass (1) the string is horizontal 
of the bob is (m), then the tension in string is mg (2) the string is vertical with the stone at highest 
cos® :— position 
aawa: (3) the string is vertical with the stone at the lowest 
position 
(2) never (4) the string makes an angle of 45° with the vertical 
(3) at the extreme positions 51. A weightless thread can withstand tension upto 
(4) at the mean position 30 N. A stone of mass 0.5 kg is tied to it and is 
revolved in a circular path of radius 2m in a vertical 
46. A pendulum bob has a speed 3 m/s while passing plane. If g = 10 m/s’, then the maximum angular 
through its lowest position, length of the pendulum velocity of the stone can be :— 
is 0.5 m then its speed when it makes an angle (1) 5 rad/s (2) /30 rad/s 
f 60° with the vertical is :-( g = 10 ? 
o wi e vertical is :-( g m/s?) (3) J@0 rad/s (4) 10 rad/s 
(1)2 m/s (2)1m/s_ (3)4m/s (4)3 m/s | 52. A body tied to a string of length L is revolved in a 
l vertical circle with minimum velocity, when the body 
47. The mass of the bob of a simple pendulum of length reaches the upper most point the string breaks and 
L is m. If the bob is left from its horizontal position the body moves under the influence of the 
then the speed of the bob and the tension in the gravitational field of earth along a parabolic path. 
thread in the lowest position of the bob will be The horizontal range AC of the body will be :- 
respectively :— fiji ea 
(1) /2gL and 3 mg . L--------- >o a= aL 
A 
(3) x= 2/2. 
(2) 3 mg and /2coL L x > 
i (4) x= V2L 
3) 2 d J2gL ; 
renan 3 v 53. A particle is moving in a vertical circle the tension 
(4) 2 gL and 3 mg in the string when passing through two position 
at angle 30° and 60° from vertical from lowest 
48. A stone of mass 1 kg is tied to the end of a string position are T, and T, respectively then :— 
of 1 m length. It is whirled in a vertical circle. If Tet ieee 
the velocity of the stone at the top be 4 m/s. What ty a A 
is the tension in the string (at that instant) ? (3) T, <T, (4) T, >T, 
(1) 6 N (2) 16N (3)5N (4) 10N |54. A body crosses the topmost point of a vertical circle 
49. In a vertical circle of radius (r), at what point in its with critical speed. What will be its centripetal 
. , acceleration when the string is horizontal :— 
path a particle may have tension equal to zero :- 
1 2) 2 4 
(bicker (1) g (2) 2g (3) 3g (4) 6g 
55. Stone tied at one end of light string is whirled round 
(2) lowest point a vertical circle. If the difference between the 
Batany poini maximum and minimum tension experienced by 
the string wire is 2 kg wt, then the mass of the stone 
(4) at a point horizontal from the centre of radius must be :— 
(I)lkg (2)6kg (3) 1/3 kg (4) 2kg 
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56. 


57. 


58. 


A mass tied to a string moves in a vertical circle with 
a uniform speed of 5 m/s as shown. At the point 
P the string breaks. The mass will reach a height 
above P of nearly (g = 10 m/s?) :- 


(1) 1m 

(2) 0.5 m P 
(3) 1.75 m 

(4) 1.25 m 


If the overbridge is concave instead of being convex, 
then the thrust on the road at the lowest position 


will be :- 
2 2 
(1) mg = (2) mg- = 
2.,2 
@) = 22 g- 


A frictionless track ABCDE ends in a circular loop 
of radius R. A body slides down the track from 
point A which is at a height h = 5 cm. Maximum 
value of R for the body to successfully complete 
the loop is :- 


(1) 5 cm. 


EXERCISE-I (Conceptual Questions) 


[ee eee asa ne a 
Ans| 2 | 3 | 2 | 2 | 3 [| 3 [|i | 4/2 | 3/1 / 3 | 4/1 | 
Que| 16 | 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25 | 26 | 27 | 28 | 29 | 
Ans| 2 | 3 | 4 | 4 | 4 {a [ia | 2/2 11/4 / 2/13 | 4 | 
Que{ 31 | 32 | 33 | 34 | 35 | 36 | 37 | 38 | 39 | 40 [ 41 | 42 | 43 | 4a | 


59. A particle of mass m is performing vertical 
circulamotion (see figure). If the average speed of the 


60. 


61. 


62. 


particle is increased, then at which point maximum 
breaking possibility of the string :- 


(1)A A 


A fighter plane is moving in a vertical circle of radius 
'r'. Its minimum velocity at the highest point of the 
circle will be :— 


(1) Bar (2) [2ar 


(3) Jar (4) o 


A stone of mass 0.2 kg is tied to one end of a thread 
of length 0.1 m whirled in a vertical circle. When 
the stone is at the lowest point of circle, tension in 


thread is 52N, then velocity of the stone will be :— 
(1)4m/s (2) 5 m/s 


(3)6m/s (4) 7 m/s 


A suspended simple pendulum of length £ is making 
an angle O with the vertical. On releasing, its 
velocity at lowest point will be :- 


(2) ./2g¢ sin® 
(4) /29¢ 


(1) ,/2gé(1 + cos8) 


(3) ./2gé(1 — cos 8) 


ANSWER KEY 


Ans| 1 | 4 | 2 {4 | 3 [|i | a |i /]2]3 | 1/2/11 3 | 
eee eee 
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EXERCISE-II (Assertion & Reason) 


Directions for Assertion & Reason questions 


These questions consist of two statements each, printed as Assertion and Reason. While answering 
these Questions you are required to choose any one of the following four responses. 
(A) Ifboth Assertion & Reason are True & the Reason is a correct explanation of the Assertion. 
(B) Ifboth Assertion & Reason are True but Reason is not a correct explanation of the Assertion. 
(C) IfAssertion is True but the Reason is False. 
(D) Ifboth Assertion & Reason are false. 

1. Assertion :In uniform circular motion, the linear | 9. Assertion :When the direction of motion of a 
speed and angular speed of the body are constant. particle moving in a circular path is reversed the 
Reason: A body can move on a circular path direction of radial acceleration still remains the same 
without having acceleration. (at the given point). 

(1)A (2) B (3) C (4) D Reason : For a particle revolving on circular path 

2. Assertion :The resultant acceleration of an object in any direction such as clockwise or anticlockwise, 
in circular motion is towards the centre if the speed the direction of radial acceleration is always towards 
is constant. the centre of the circular path. 

Reason: A vector is necessarily changed if it is (1)A (2) B (3) C (4) D 
rotated through an angle. 10. Assertion :For uniform circular motion it is 
(IVA (2)B (3) C (4) D necessary that the speed of the particle is constant. 

3. Assertion : Work done by the centripetal force Reason: There is no tangential force or 
in moving a body along a circle is always zero. tangential acceleration acting on particle in uniform 
Reason: In circular motion the displacement of circular motion. 
the body is along the force. (1)A (2)B (3) C (4) D 
(1)A (2) B (3) C (4) D 11. Assertion :Acceleration of the particle in uniform 

4. Assertion :Centripetal and centrifugal forces circular motion remains constant. 
cancel each other. Reason: Velocity of the particle doesn't change 
Reason: This is because they are always equal in circular motion. 
and opposite. (1)A (2) B (3) C (4) D 
(1)A (2) B (3) C (4) D 12. Assertion :In the inertial frame centrifugal force 

5. Assertion : Work done by centripetal force is zero. can't appear. 

Reason: Centripetal force acts perpendicular Reason : In the uniform circular motion centripetal 
to the displacement. force will counter balance to the centrifugal force. 
(1)A (2)B (3) C (4) D (1)A (2)B (3) C (4) D 

6. Assertion :When a particle moves in a circle with | 13. Assertion :During a turn, the value of centripetal 
a uniform speed its acceleration is constant but the force should be less than the limiting frictional 
velocity changes. force. 

Reason: Angular displacement is not an axial Reason : The centripetal force is provided by the 
vector. frictional force between the tyres and the road. 
(1)A (2)B (3) C (4) D (1)A (2)B (3) C (4) D 

7. Assertion :If a particle moves along circular path | 14. Assertion :A car moving on a horizontal road 
with constant speed then acceleration must be may be thrown out of the road in taking a turn due 
present. to lack of proper centripetal force. 

Reason : If aparticle moves with variable velocity Reason : If a particle moves in a circle, describing 
then acceleration must be present. equal angles in equal intervals of time. Then the 
(IVA (2)B (3) C (4) D velocity vector changes its magnitude. 

8. Assertion :In uniform circular motion speed of (1)A (2) B (3) C (4) D 

particle must be constant. 15. Assertion :- When a car turns around a circular 


Reason: In uniform circular motion no force 
or acceleration is acting on particle acting parallel 
or in anti parallel to the direction of velocity 
(I)A (2)B (3) C (4) D 


EXERCISE-II (Assertion & Reason) 
Quel a [2 [34 fs |e | 7] s | 9 | 10 | at | 12 | is | 14 | 15 | 


path it is acted upon by a centripetal force. 
Reason :- The friction acting on the wheels of car 
provides necessary centripetal force. 

(1) A (2) B (3) C (4) D 


ANSWER KEY 


Ans} 3 | 3] 3] 4}a74}aitiatititsa | sf{it 3a | 
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